A closed form solution for the 2-dimensional problem to evaluate the displacement and stress of an elastic fullspace subject to sudden distributed forces is developed. The force is expressed in a form of multinormal function of space and time variables over strips and time increments. The solution procedure is to utilize the Fourier-Laplace domain transform with the Cagniard-de Hoop method for the inversion. The application to the boundary-initial value problems is demonstrated for the Lamb's problem and for the seismic wave scattering propagation problem. The former makes the validation of the present solution and the latter provides the useful information on ground motions at irregular sites.
INTRODUCTION
Currently, various boundary element methods (BEM) are extensively used for the analysis of elastodynamic problems of infinite boundary. In the earthquake engineering field, the irregular site response analysis and the soil structure interaction problems which precludes the analytical solution, are the most successfully applied area among others.
Since the pioneering work by Cruse and Rizzol) (1968) which utilized the Laplace transform to solve a halfplane wave propagation due to a surface loading (Lamb's problem2), 1904), a modified version was developed by Manolis and Beskos3) (1981) , and the Fourier synthesis approach was taken for the steady state harmonic solution by Niwa et al4) (1976) . A direct time domain procedure, on the other hand, was shown by Cole et al5) (1978) for the analysis of transient antiplane motions with explicit time stepping scheme. The similar technique is used by Niwa et al6) (1980) who employed the simpler three dimensional fundamental solution for the two-dimensional plane stree/plane strain cases. Manolis7) (1983) performed a comparative study on the frequency and time domain BEMs for the wave scattering and propagation around a cylindrical cavity in the medium under a specified wave incidence. Karabalis and Beskos8 (1984) computed an impulse response of a surface rigid body. Mansur and Brebbia9) (1985) formulated the time domain boundary element method in the same scheme for a scalar wave problem.
Compared to the frequency domain approach, the direct time domain method is more suited to the boundary-initial value problems in elastodynamics. The fundamental solution for a point load to a full space constitutes displacement and traction kernels in the boundary integral equation. The time domain BEM formulation, after discretization by introducing polynomial interpolation functions, involves the elementwise double convolution integral both in time and space variables on such kernels. The conventional procedures have taken the numerical quadrature for the space integration and the analytical time stepping algorithm for the time convolution integral. Besides the singularity in the fundamental solution, special care should be taken in the integration process for the causality condition. Israil and Banerjee10) (1982) derived an explicit form for this. Mansur11 (1985) took a complicated manipulation of the Heaviside function for the traction kernel, which is still implicit since it is based on the prior assumption on temporal displacement variation. Wang and Takemiya12 (1992) have developed an analytical solution method for the 2-dimensional scalar wave problem through the integral transform procedure with use of the Cagniard de-Hoop technique13 (1959/1960) . We can note that the above integral is tantamount to evaluating the Green function for a distributed force whose description is given by multinormal functions.
The Navier equation for the in-plane motion of an elastic medium is governed by a coupled shear (S-wave) and pressure wave (P-wave) field. Introducing the displacement potential function separates the wave field is split into the indepen-dent Helmholtz equations concerning these. For the plane wave problem, these result in the scalar wave equations. The characteristic feature of the inplane motion, in contrast to the out-of-plane motion, is that the wave potentials are differentiated for displacement and then for the stress computation. Using the Knopoff-de Hoop representation for the displacement response, the triple convolution integrals appear with respect to time and space. These operations are conducted in the Fourier and Laplace transformed domain, so that the result is inverted back into the space and time. The coordinate transformation is also needed from the local to the global coordinates on these vector quanities. The time-stepping scheme is implemented for the transient response analysis for arbitrary time functions. The substructure method simplifies the response computation for coupled different domains.
For the validation of the present method, an illustrative example of a Lamb problem is first solved, and then the transient wave scattering/ propagation due to the irregular site configuration is investigated for a presumed incident wave.
MULTINORMALLY DISTRIBU-TED FORCE
Suppose an isotropic, homogeneous, linear infinite elastic solid subjected to a strip force, without losing generality, which spans over a width 2ae on the x-axis, placed on z=0 and is distributed identical all along the third axis as illustrated in Fig. 1 . We can give a mathematical expression to it by introducing the Dirac's delta function of(), the distribution function f(x, t) and the vector intensity a as and etc. as indicated in the authors' previous work (Wand and Takemiya12), 1992). Quite similarly, the discretization for the time variation is described by changing the width tae by the time increment Lit in the respective expression. The above expressions suggest that the forcing function may be described by a liner combination of multinormal functions over a finite space variable and time segment of (d1, d2; t1, t2) in a generalized form, i.e., f (x, t)-bmnxmtn m=0 n=0
This is arranged into a set of functions defined in (-00, +00 ; 0, + 00) for convenience of the later use.
f(x, t)-Em=0Rn=0 cr fmn(x-di, t-tj) in which cr= (-l)i+JbPI II a1P-m,1P-n and f mn(x, t)=Xm(x)Tn(t) withXm(x)=s n(x)xm and Tn(t)=tnH(t) (9) The terms IpmI and IqmI stand for the binomial nnn nn coefficients; M and N are the total numbers of superposition of the functions involved. 
RESPONSE EVALUATION
In order to formulate the two-dimensional wave field due to line source, fist consider the constituent wave potential equation.
in which to=cat, a=1, 2 indicates the P and S wave respectively and c1 and c2 denote the associated wave velocities, r=x2+z2 is the distance from source to a field point and D2= all ax2+a2/az2 defines the Laplacian operator. The potential function V(r, ta) is the solution of the Helmholtz equation, Eq. (10), so that (11) The associated displacement (fundamental solution) takes the expression of PUaB-1/c21IV, aB(r, t1-v1)Zldr1 h i V, aa (r, t2 Z2) Z2dz2 r VaR V(r, t2) 2 V, a(r, t1) * ti-n2 V, as (r, t2)*t2 (12) in which the symbol * designates the convolution integral in time to ; a, B=1, 2 designate the coordinates. These subscripts behind the comma means taking derivative with respect to these variables. Following the Knopoff-De-Hoop representation theorem, the displacements due to the force f (x, t) ab are given in the convolution integral form with the aid of the fundamental solution Uas, as
The associated stresses are calculated from the knowledge of elasticity.
aam-p (cf -2c2) uxr, xoaH+PC2 (uar, a+11Th a) where r indicates the plane of force application, whose direction cosine is given by nr. The traction on the surface of normal direction nr is found from the stress components by the formula.
taQ=nraam
The convolution expression for response due to the strip loads of Ed. ( 9) 
The solution procedure for this is to apply the The coefficients A and B are multinormal functions of x, z and t. Hence, displacements are obtained from Eq. (13) by viewing Eq.(18) and stresses are obtained after substituting these into Eq. (14) . Note that the causality is fully taken into account for the 
BOUNDARY ELEMENT EQUA-TION
The boundary integral equation for elastodynamic problems is described by Sa, 0(x)ua(x, t)-IUaIi?(Y, t;X) *ta(y, t)db(y% -p.v.I T aB(y, t;x)*ua(y, t)db(y).
in which Uaa and Taa denote, respectively, the displacement fundamental solution (Green function) for an impulsive point force application and the associated traction, and the integral with the notion of p. v. means the integral in the sense of Cauchy's principal value. The term (x), due to the singularity of the traction Green function Tan, concerns the geometry of the boundary. The discretization of the boundary is performed into E numbers of straight line elements, as illustrated in Fig. 2 , each of which has M+1(M=0, 1, 2) nodal points within it. The total numbers of nodal points is counted by L=E when M=0; when M>1, L= M x E+1 for a closed boundary and L=MxE+1 for an open boundary problem.
The displacement and traction in the e-th element is approximated by an introduced interpolation function 5 for space variable and the concerned nodal values. When the isoparametric elements are used, these are expressed as {ue(A, t), te(at))->lYm(A) {ue'm (t), tena (t)} in which is the local coordinate attached to the e-th element. The interpolation function is mostly specified by a constant, linear or quadratic variation. Substituting Eq.(22) into Eq. (21) yields (x)uaa(x, t)-, I V Uaa(y, t;x) -Ee=1p.v.JT ae(y, t;x)cim)
with U(t)={ul (x1) u2 (x1)u1... (XL)u2 (XL) IT.. (25) T (t)={tl (xl) t2 (xl)... tl (xL) t2 (xL)}T... (26) and C being the diagonal matrix of C2l-a, 2J-B= Cas(xl) for the position vector xl of the nodal number l due to the singularity of the traction Green function. G and H are 2L X 2L matrices whose description is obvious from Eq.(23). Also, the time discretization is conducted, by introducing the interpolation function cpu(t) and cpt(t) for displacenement and traction respectively, as {U(t), T(t)}-J {co (t)Uk, ck(t)Tk} therefore, Eq. (24) becomes CUk-Y f I jG(tk-t)co(t)dtIT1c The explicit expressions are given in Appendix B ValN (l, elm, k) =IV S {Uaa(y(S), tk-t, x!); Tab (y(S), tk-t; xi)} in which "l" specifies the forcing element while "e" the field element. Attention should be paid to that the singularity term once excluded in the above is brought back inside the integral and it is executed analytically by the integral transform procedure. This elementwise and time stepwise integral is closely related to the fundamental convolution integral as described in the succeeding section.
FUNDAMENTAL CONVOLUTION INTEGRAL
Under the straight line discretization, the elementwise double integral V MN (, tk I e, m ) in Eq. (33) 
SUBSTRUCTURE FORMULATION FOR COUPLED DOMAINS
Suppose an incidence of the in-plane wave, whose displacement is provided with ul, to a site of irregular configuration. The topography like a canyon generates the diffracted waves. The stress freecondition at the surface of the field also gives a wave reflection.
The superimposition of these waves on the incident wave yields the total wave field, leading to the governing equation as rai3(x)ua(x't)-jUa((y, t;x) b*ta(y, t)db(y) -p.v. I T a13(y, t;x) *ua(y, t)db(y)+ua(x, t) in which UK and TK are the displacements and tractions associated with nodes on the irregular boundary as well as those placed on the free surface, and H0 and G0 are determined accordingly UIK and T IK denote respectively the discretized displacement and traction values at the above nodes for a specified incident wave field.
For the wave field analysis of two different domains coupled like an alluvium on a uniform halfspace, the substructure procedure is used. Referring to the illustration in Fig.3 U2=UZ, T2+T2=0 The solution is therefore obtained first for the interface nodes and then for the surface nodes along the free surface through the recovery process by use of Eqs. (44) and (45).
NUMERICAL EXAMPLES
Two example studies are demonstrated as the application of the present formulation to the boundary-initial value problems; one is a Lamb's problem for a sudden surface strip loading and the other is a seismic wave propagation problem at irregular sites. The BEM computation is based on the 0-th order straight line elements. The discretization rule claims that the elements length should be less than 116 of the concerned wave length. The constant time variation is taken for the stepping algorithm for both example studies. Then, the coefficients A and B in Egs. (19) and (20) Example 1: Halfspace under sudden uniform strip surface loads First, an attention is addressed to giving information about the accuracy of the present BEM solution when applied to halfspace elastodynamic problems. Consider a sudden loading of a vertical/horizontal uniform strip traction to act as a Heaviside step function H(t) with intensity of 6.89 X 104 KN/m2 over a width 2a=76.2m on the surface, as illustrated in Fig.4 . The medium has properties of the Young's modulus E=1.724 X 107 KN/m2, the mass density p=30.89 t/m3, and the Poisson's ratio v=0.25. We are interested in the interior response as well as the surface response. Fig.5 .a and b give those at surface locations indicated in Fig.4 . The numerical results are compared with those obtained by Mansur (1983) (only for Uzz component), and Takemiya and Guan (1993) . The former BEM which utilizes the Stokes'solution paid due attention to the causality of the wave propagation, although the numerical procedure was taken for the involed space integration. In the latter integral transform method, besides the causality, the singularity of the Rayleigh wave front is treated analytically through the contour integration procedure. The details are referred to in the respective work. Therefore the discrepancies between the present BEM solution and the integral transform method may be interpreted due to the discretization on the free surface since the BEM solutions shown are based on the fullspace Green's function. It is noted that the BEM solution when sufficient numbers of free surface nodes are placed over substantial side ranges, as depicted in the inlet figure, compares well with the solution from the integral transform method. In the figures we notice cleary the arrival time for the P-wave (as marked by the letter P) but not for the S-wave and the Rayleigh wave. However, we can give these waves arrival time as marked by the letter S and R according to the velocity ratios VPIV5=1.732, VR/Vs=0.919 for the model under consideration. The Rayleigh wave propagation is very obscure for distributed loads in the vicinity of loaded area, for instance at location C at which x/a=4, in contrast to line loads. Fig.6a a and b correspond to the responses at locations below the the center of the loaded area. The arrival times of the P and SVwaves are clearly noted, satisfying the causality correctly but obscure for the Rayleigh wave. In Fig.6 .a for the vertical waves diminish and die off after they meet at the canyon bottom from both sides. The biggest peak appears at the edge, followed by the nearby surface outside the canyon, and the smallest peak at the bottom inside of it. The similar responce characteristis are observed for the SH wave incidence15). Alluvium : Figs.8a a and b give the scattering/ propagation wave field for a semi-cirular alluvium. We observe that the response features are quite different from those at the canyon above mentioned. Due to the successive wave reflections both at the free surface and at the bottom of the alluvium, the more complicated wave superimposition takes place within it, generating local surface waves and resulting in a longer total wave duration. Fig.8 .b indicates that significantly amplified peak response is attained at the alluvium surface center. As is clearly observed from Fig.8 .a most of the waves are trapped inside the alluvium and the outward going waves are less noticeable in contrast to the significance for the canyon case. This will be better interpreted in the harmonic response analysis as indicated in the work by Takemiya, Tomono, Ono and Suda16) (1992).
CONCLUSION
In the present paper, the authors extended the previous work on scalar wave problems12) to elastodynamic problems, developing the closedform 2-dimensional fullspace Green functtion for specifically distributed forces, as expressed by the multinormal functions. The scalar wave potentials for the P and SV (a component associated with the plane wave) waves are introduced for expressing the concerned fundamental solution. The procedure is to utilize the Fourier-Laplace domain transform and then the inversion from the 
